We study supersymmetric unified models with three fermion generations based on the gauge group SO(10) and require Gauge-Yukawa Unification, i.e., a renormalization group invariant functional relationship among the gauge and Yukawa couplings of the third generation in the symmetric phase. In the case of the minimal model, we find that the predicted values for the top and bottom quark masses are in agreement with the present experimental data for a wide range of supersymmetry breaking scales. We also find that an experimental accuracy of less than 1% for the top quark mass could test the corresponding prediction of the Gauge-Yukawa unified model.
Introduction
The remarkable success of the standard model (SM) suggests that we have at hand a highly non-trivial part of a more fundamental theory for elementary particle physics.
Since, however, the SM contains many independent parameters, it has been a challenge to understand the plethora of these free parameters. In Grand Unified Theories (GUTs) [1, 2] , the gauge interactions of the SM are unified at a certain energy scale M GUT , and consequently its gauge couplings are related with each other. Also the Yukawa couplings can be related among themselves to a certain extent. These relations among the couplings can yield testable predictions for GUTs [3, 4] .
However, GUTs can not relate the gauge and Yukawa couplings with each other. In order to achieve Gauge-Yukawa Unification (GYU), within the assumption that all the particles appearing in a field theory model are elementary, one has to consider extended supersymmetry [5] . Unfortunately, it is extremely difficult to construct a realistic model based on the extended supersymmetry, because the model has a real structure with respect to SU(2) L × U(1) Y [5] . In superstrings and composite models such relations, in principle, also exist. However, in both cases there exist open difficult problems which among others are related to the lack of realistic models.
Recently, an alternative way to achieve unification of couplings [6] - [11] has been proposed; it is based on the fact that within the framework of a renormalizable field theory, one can find renormalization group (RG) invariant relations among parameters which can improve the calculability and the predictive power of the theory. This idea is called sometimes the principle of reduction couplings [6] . In this paper we would like to consider SO(10) supersymmetric GUTs along the lines of this unification idea. We note that all realistic supersymmetric SO(10) models have to be asymptotically-nonfree, because one needs a certain set of Higgses to break SO(10) down to SU(3) C × SU(2) L × U(1) Y [2, 12] .
The common wisdom is that the asymptotically-nonfree theories develop a Landau pole at a high energy scale, a fact which inevitably suggests that the theory is trivial, unless new physics is entering before the couplings blow up. However, there exist arguments leading to a different view point; the theory converges to a well-defined ultraviolet fixed point, a "new phase", instead of blowing up 1 . Non-abelian gauge theories could have the same behavior, and it might be that an asymptotically nonfree, non-abelian gauge theory with matter couplings can change after the critical value of the couplings its phase due to a certain self-adjustment of the couplings and become a well defined finite theory 2 . In this way, a dynamical unification of couplings [17] 3 can be achieved, since to enter into the new phase the couplings are supposed to satisfy a definite relation. It is natural to assume that at scales below the critical value, that is, in the symmetric phase of a GUT these relations among the couplings are RG invariant as a remnant of the dynamical unification of couplings. When the GUT enters in its spontaneous broken phase, these RG invariant relations serve just as boundary conditions at M GUT on the evolution of couplings for scales below it. Since the principle of reduction of couplings is based on RG invariant relations among couplings, the GYU based on this principle could be a consequence of the dynamical unification of couplings described above. This is a speculation, of course, because so far there exists no reliable and decisive calculation on the behavior of asymptotically-nonfree, non-abelian gauge theories 4 .
There have been recently various phenomenological studies on SO(10) supersymmetric GUTs without GYU [19] - [22] , where the top quark mass was calculated from the requirement of the correct bottom-tau hierarchy (recall that the top Yukawa coupling contributes significantly to the RG evolution of the bottom and tau Yukawa couplings).
Unfortunately, there exists a wide range of the predicted values of M t (160 − 200 GeV [20] ). One of the main reasons is that the bottom-tau hierarchy is experimentally known only with a large uncertainty (∼ 10% [23] ). Suppose that the bottom-tau hierarchy would be precisely known and the calculated top mass would exactly agree with the experimental value. Then there should exist a unique Yukawa coupling of the third generation in 1 See ref. [13] , which contain also earlier references on ultraviolet fixed points. 2 Similar phenomenon has been observed in asymptotically free theories, in which the couplings have to be related with each other in order for the theories to be asymptotically free and hence well defined in the ultraviolet limit [8, 16] . 3 This analysis was motivated by the observation [18] that there might exist an infrared fixed point in asymptotically free QCD. 4 Even the case of QED has not been completely clarified [14, 15] .
SO(10)
GUTs, which is consistent with experimental data. It is, however, clear that this
Yukawa coupling can not be predicted within the conventional GUT scheme.
With a GYU the model obtains a more predictive power, and the Yukawa couplings become calculable, as has been experienced in our recent studies on other models [9] - [11] .
Although the GYU proposed there is a gradual, conservative extension of the usual GUT scheme, it has turned out to yield successful predictions. We emphasize that this success is not just a consequence of the infrared behavior of the Yukawa couplings [24] . Although the infrared behavior is an important ingredient for the successful predictions, we should stress also the significance of the field content of the theories as well as their interactions above the unification scale. The reason is that they contribute to the β functions in the symmetric phase which fix the structure of the GYU based on the principle of reduction of couplings and consequently the boundary conditions for the evolution of couplings below the GUT scale. Therefore, it is absolutely nontrivial that (1) there exist a unique Yukawa coupling of the third generation in a supersymmetric SO(10) GUT that is consistent with the experimental data, and (2) this Yukawa coupling can be calculated by means of the reduction of couplings.
In this paper we will consider two different models; the first one with the Higgs supermultiplets of 1, 10, 16, 16, 45, 54 and the three fermion generations in 16, and the second one with 126 + 126 instead of the singlet which provides the Georgi-Jarlskog mechanism [25, 12] to obtain a realistic mass fermion matrix. We have found that the first model yields experimentally consistent predictions, where we neglect the Yukawa coulings of the first two fermion generations. For the second model we obtain couplings which are so large that the model either cannot be treated within the framework of perturbation theory or does not give a testable prediction on the top-bottom hierarchy.
Our approach to predict the top and bottom quark masses, at first sight, looks similar to the infrared-fixed-point approach of ref. [26] . In the final section of this paper, we will discuss this approach within the framework of our concrete SO(10) model and conclude that the infrared-fixed-point approach does not always provide us with precise predictions on low energy parameters.
The models
We denote the hermitean SO(10)-gamma matrices by Γ α , α = 1, · · · , 10. The charge
α=1 Γ α with (Γ 11 ) 2 = 1. The chiral projection operators are given by
In SO(10) GUTs [2, 12] , three generations of quarks and leptons are accommodated by three chiral supermultiplets in 16 which we denote by
where I runs over the three generations and the spinor index is suppressed. To break
we use the following set of chiral superfields:
The two SU(2) L doublets which are responsible for the spontaneous symmetry breaking
Model I
For model I, we further introduce a singlet ϕ which after the SSB of SO(10) will mix with the right-handed neutrinos so that they will become superheavy.
The superpotential of model I is given by
where Given the supermultiplet content and the superpotential W , we can compute the β functions of the model. The gauge coupling of SO (10) is denoted by g, and our normalization of the β functions is as usual, i.e.,
where µ is the renormalization scale. We find:
We have assumed that the Yukawa couplings g IJ except for g T ≡ g 33 vanish. They can be included as small perturbations 5 . Needless to say that the soft susy breaking terms do not alter the β functions above.
Model II
For model II, we introduce a pair of
instead of the singlet ϕ, providing us with a possibility of incorporating the GeorgiJarlskog mechanism [25, 12] . They satisfy the duality conditions
and Θ (instead of ϕ) also will mix with the right-handed neutrinos to make them superheavy.
The superpotential of model II is given by
where
and
W M are given in eq. (4), and W M contains the Θ − Θ mass term instead of the ϕ mass term.) The β functions are found to be
Observe the occurrence of large coefficients in the β functions above. They are responsible for the fact that the model II either cannot be treated in perturbation theory or does not
give a testable prediction on the top quark mass, as we will see.
Gauge-Yukawa Unification
The principle of reduction of coupling is to impose as many as possible RG invariant constraints which are compatible with renormalizability [6] . Such constraints in the space of couplings can be expressed in the implicit form as Φ(g 1 , · · · , g N ) = const., which has to satisfy the partial differential equation
where β i is the β function of g i . In general, there exist, at least locally, N independent solutions of (10), and they are equivalent to the solutions of the so-called reduction equations [6] ,
where g ≡ g 0 and β ≡ β 0 . Since maximally N independent RG invariant constraints in the (N + 1)-dimensional space of couplings can be imposed by Φ i , one could in principle express all the couplings in terms of a single coupling, the primary coupling g [6] . This possibility is without any doubt attractive, but it can be unrealistic. Therefore, one often would like to impose fewer RG invariant constraints, leading to the idea of partial reduction [7, 8] .
Here we would like to briefly outline the method 6 . For the case at hand, it is convenient to work with the absolute square of g i , and we define the tilde couplings bỹ
where α = |g| 2 /4π and α i = |g i | 2 /4π. We assume that their evolution equations take the form
in perturbation theory, and then we derive from (12)
whereb (r)
i (α) , r = 2, · · ·, are power series ofα i and can be computed from the r-th loop β functions. We then solve the algebraic equations
which give the fixed points of (13) at α = 0. We assume that the solutions ρ i 's have the form
and we regardα i with i ≤ N ′ as small perturbations to the undisturbed system which is defined by settingα i with i ≤ N ′ equal to zero. It is possible [6] to verify at the one-loop level the existence of the unique power series solutions
of the reduction equations (13) to all orders in the undisturbed system (as we will demonstrate it in our SO(10) model below). These are RG invariant relations among couplings that keep formally perturbative renormalizability of the undisturbed system. So in the undisturbed system there is only one independent coupling α.
We emphasize that the more vanishing ρ i 's a solution contains, the less is its predictive power in general. We therefore search for predictive solutions in a systematic fashion.
Unperturbed system (a) Model I
We find that for model I there exist two independent solutions, A and B, that have the most predictive power, where we have chosen the SO(10) gauge coupling as the primary coupling: 
Clearly, the solution B has less predictive power because ρ T = 0. So, we consider below only the solution A, in which the coupling α 3N M should be regarded as a small perturbation because ρ 3N M = 0.
Given this solution, we would like to show next (as promised) that the expansion coefficients ρ (r)
i , i = T, · · · , 2NM can be uniquely computed in any finite order in perturbation theory. To this end, we assume that ρ (n) i with r ≤ n − 2 are known, then insert the power series ansatz (16) for ρ (n) i , i = 3NM into the reduction equation (13) and collect terms of O(α n−1 ). One finds easily that
where 
So, if det M(n) = 0, the coefficients ρ = 0 for integer n .
Therefore, there exists a unique power series solution of the form (16) for the solution IA.
(b) Model II
According to the principle of reduction of couplings, we search for most predictive solutions of (14) . Of these solutions, we consider only non-degenerate ones with ρ T = 0, because they are more predictive. We find that there exist three solutions, IIA, IIB and IIC, and they contain three vanishing ρ's: 
Observe that certain ρ's for solutions IIB and IIC are so large that the model cannot be treated in perturbation theory. The ρ T ≃ 5.7 for solution IIA could be within the regime of perturbation theory, but as we will see in the next section, that value is so large that the predicted value of M t cannot be distinguished from its infrared value. Therefore, this model does not yield a testable prediction on the top quark mass.
We presented in this section the negative result, too, in some detail to emphasize that the existence of a consistent supersymmetric Gauge-Yukawa unified model based on SO(10) is a nontrivial matter, as we have announced in the introduction.
Small perturbations
The small perturbations caused by nonvanishingα i with i ≤ N ′ , defined in eq. (15) and α 3N M in the case of solution IA, enter in such a way that the reduced couplings, i.e.,α i with i > N ′ , become functions not only of α but also ofα i with i ≤ N ′ . It turned out [8] that, to investigate such partially reduced systems, it is most convenient to work with the partial differential equations, which for solution IA are
These partial differential equations are equivalent to the reduction equations (13), and we look for solutions of the form
where f (r)
i (α 3N M ) are supposed to be power series ofα 3N M . This particular type of solution can be motivated by requiring that in the limit of vanishing perturbations we obtain the undisturbed solutions (16) [8] , i.e., f 
where · · · indicates higher order terms which can be uniquely computed. In the partially reduced theory defined above, we have two independent couplings, α and α 3N M (along with the Yukawa couplings α IJ , I, J = T ).
At the one-loop level eq. (24) defines a line parametrized byα 3N M in the 7 dimensional space of couplings. A numerical analysis shows that this line blows up in the direction ofα S at a finite value ofα 3N M . Fig. 1 showsα S as a function ofα 3N M (the dashed line is obtained from the analytic expression (24)). So if we requireα S to remain within the perturbative regime (i.e., g S < ∼ 2, which meansα S < ∼ 8 because α GUT ∼ 0.04), thẽ α 3N M should be restricted to be below ∼ 0.067. As a consequence, the value ofα T is also bounded. To see this, we plotα T as a function ofα 3N M in fig. 2 , from which we conclude 
This defines GYU boundary conditions holding at the unification scale M GUT in addition to the group theoretic one, α T = α t = α b = α τ . The value ofα T is practically fixed so that in the following discussions we may assume thatα T = 163/60 ≃ 2.72, which is the unperturbed value.
Predictions
As pointed out, the GYU conditions (25) we have obtained above remain unaffected by soft supersymmetry breaking terms, because the β functions are not altered by these terms. To predict observable parameters from GYU, we apply the renormalization group technique [27, 22] .
Just below M GUT we would like to obtain the MSSM while requiring that all the superpartners are decoupled below the supersymmetry breaking scale M SUSY . To simplify our numerical analysis we assume a unique threshold M SUSY for all the superpartners.
Then the SM should be spontaneously broken down to SU(3) C × U(1) EM due to the vacuum expectation value of the scalar component of H α . We also assume that the low energy theory which satisfies the requirement above can be obtained by arranging soft supersymmetry breaking terms and the mass parameters in the superpotential (3) in an appropriate fashion.
We shall examine numerically the evolution of the gauge and Yukawa couplings including the two-loop effects, according to their renormalization group equations 7 . The translation of the value of a Yukawa coupling into the corresponding mass value follows 
where we compute v(M t ) from v(M Z ). As for the tau and bottom masses, we assume that 
where the couplings with five flavors α 3(5f) and α EM(5f) are related to α 3 and α EM by
The corrections in eq. (27) are the SM ones, and in general one should add the MSSM corrections too. They could be even large, especially for M b ∼ ±O(20 − 30%), in the case of universal soft supersymmetry breaking terms, while they can be kept small if 7 We take into account the threshold effects by the step function approximation of the β functions.
these terms are not universal [20, 21] . As we will see below, our prediction for
without the MSSM corrections fit to the experimental value so that the model favors the non-universal soft supersymmetry breaking terms.
Regarding now
as given [23, 28] , we find
which, together with α EM and sin 2 θ W given in (30), we use as the input for the RG , these corrections should be rather small, implying that our model favors the non-universal soft supersymmetry breaking terms [21] . Fig. 6 shows that M t is relatively insensitive to a change inα T . The reason is that the predicted values for M t are not very much far from its infrared value [24] , which we define as the value forα T = 6 and is shown in fig. 7 . By comparing figs. 6 and 7, we see that the predicted values for M t lie a few GeV below the infrared values. So, if the experimental uncertainty can be reduced to less than that order, there will be a chance to test the Gauge-Yukawa unified model we have proposed here. Note that the present experimental value of M t is (180 ± 12) [GeV] [29] .
Finally, we would like to comment on the difference of the prediction on M t with and without GYU. As pointed out, the M t prediction without GYU follows from the requirement of the consistent bottom-tau hierarchy. Under the same assumption made for the RG analysis above, we wish to find the allowed values ofα T . We find that the 
which is fixed under the same assumption.
Comparison with the infrared-fixed-point approach and discussions
The infrared-fixed-point approach [26] is based on the assumption that infrared fixed points found in first order in perturbation theory persist in higher orders 8 and that the ratio of the compactification scale Λ C (or the Planck scale M P ) to M GUT is large enough for the ratio of the top Yukawa coupling to the gauge coupling to come very close to its infrared value when running from Λ C down to M GUT . Since this approach looks similar to ours at first sight, we would like to examine within the framework of our SO(10) model whether and how much this picture of infrared-fixed-point behavior is realized.
To this end, let us first re-capitulate the argument of ref. [26] and recall that
for one-loop order. For α(M GUT ) = 0.04 and ln(Λ C /M GUT ) = 5, we obtain α(Λ C ) ≃ 0.051 .
Assuming now that α i 's with i = T are negligibly small compared with α T , we derive from the reduction equation (13) αα
with the solution [26, 7] α T (M GUT ) = 1 4/11 + (κ
where κ T is the value ofα T at Λ C . The point in the infrared-fixed-point approach is that, since [α(M GUT )/α(Λ C )] 11/2 is small (∼ 0.25), the "low-energy" value,α T (M GUT ), is 9 Our normalization of the generators of SO(10) differs by a factor of √ 2. Our choice corresponds to that of the usual SU (5) GUTs. however should be emphasized that there is no principle to fix κ T in the infrared-fixedpoint approach. For κ T = 1, which could be realized with the same probability as for κ T = 2, we obtainã T (M GUT ) ≃ 1.91, which is only 70% of the infrared value.
The more serious problem is the negligibility of other couplings compared to α T . Since there exists no reason why the neglected couplings have to be small, they could be large and hence comparable to α T , thereby changing the infrared structure very much. In fig The observation of ref. [26] that, in spite of the small difference between M GUT and Λ C , the Yukawa couplings tend to converge to their fixed points very fast thanks to large anomalous dimensions of the matter superfields, is generally correct in one-loop order.
However, the infrared-fixed-point approach may not always have predictive power, as we have explicitly seen above in our concrete model. This is not a specific situation of the present SO(10) model, because the factor [α(M GUT )/α(Λ C )] 11/2 ≃ 0.25 is small enough according to the discussion of ref. [26] . If one insists from the beginning to choose the oneloop infrared fixed point which is most predictive, the lowest order prediction is exactly the same as that of the reduction of couplings. The difference appears in the next order, because the reduction solution, except for the lowest order, is not a fixed point solution in general.
If the low-energy prediction for either approach is viable as experienced in some cases including the one discussed in this paper, it might indicate some unknown nonperturbative mechanism of unification of couplings such as the dynamical unification of couplings which we suggested in introduction. In either case, the non-perturbative investigation on asymptotically-nonfree, non-abelian gauge theories will be an important issue in future works.
